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Abstract
We present a simple argument to explain why the field equations of the Friedmann-Robertson-
Walker metric are equivalent to those of Newtonian cosmology. By passing to the infinite limit of a
family of conformally rescaled FRW metrics in suitable coordinates, we reveal Newtonian space and
time. The limiting process preserves the Einstein equations and these may be elucidated directly
from the Newtonian limit up to the determination of the scalar curvature parameter. Consideration
of the conformally invariant scalar field equation on the FRW spacetime is used to recover the
Einstein equations efficiently from the Newtonian theory. We proceed to examine the limiting
procedure in connection with the Cartan formulation of Newtonian gravity.
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1 Introduction
Since the work of Milne [1] and McCrea & Milne [2] in 1934 it has been known that the equations
governing the evolution of the FRW metric in the general theory of relativity and those governing
the evolution of Newtonian cosmology are formally identical except for the interpretation of a single
parameter. This piece of apparent good fortune has allowed introductory courses on cosmology to be
taught at undergraduate level without the prerequisite requirement of the student undertaking a course
of study in general relativity.
In this paper we give a straightforward conformal rescaling argument that explains why the governing
equations of the relativistic and Newtonian theories are identical. The idea is to rescale the curvature
parameter and the speed of light in such a way that the Einstein equations are preserved. In the limit
that the scaling becomes arbitrarily large Newtonian space and time are made manifest. The argument
used can be understood in terms of a conformal rescaling of the metric. Another way to think about
the process is as blowing up a small neighbourhood of an arbitrary point, so that the scalar curvature
becomes negligible and the speed of light tends to infinity, in this way the analysis is related to Manton’s
work on constructing a Newtonian atlas for the FRW metric [3]. In that paper, Manton expressed the
FRW metric in terms of geodesic coordinates to reveal the local Newtonian spacetime, in the context
of the weak field limit of general relativity, up to quadratic order.
The plan of the paper is as follows. In section 2 we present a family of conformally related metrics
and introduce a set of coordinates that lead to Newtonian space and time in the limit that the conformal
parameter tends to infinity. We identify certain geometrical objects that have well-defined Newtonian
limits and establish what information is lost when we pass to the limit. In section 3 we give a reprise
of a conventional Newtonian argument often used as a derivation of the Friedmann and Raychaudhuri
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equations. The argument is simple but flawed and has a long history of criticism in the literature.
However the equations derived are correct, if for more sophisticated reasons than presented. In section 4
we see how to use the Newtonian equations to derive the Einstein equations for the FRW metric. This
involves determining the value of the one piece of information lost when the Newtonian limit is taken.
This piece of information is the value of the scalar curvature parameter. We do this by considering a
solution of the conformally invariant scalar field equation on the FRW spacetime. Using the observation
that the Weyl tensor vanishes and so the FRW metric is (locally) conformally flat we deduce that the
Newtonian potential of a point mass solves this equation away from the point mass itself and the Ricci
scalar of the metric may be computed with minimum effort. This links the one lost piece of information
from the Newtonian limit with its analogue in the Newtonian theory.
In section 5 we relate the limiting process to Cartan’s formulation of Newtonian gravity. Many of
the ingredients of that theory arise simply as the limit of the relativistic counterparts of our conformally
related metrics. The use of Cartan’s theory of Newtonian gravity removes the difficulties associated
with the more elementary approaches referred to section 3. In the appendix to the paper we show how
the Newtonian results and the deduction from section 4 allow us to write down the Riemann tensor of
the FRW metric with almost no computation. The derivation also shows why the Weyl tensor vanishes,
a result used in (but not depending on) section 4.
2 The Conformal Rescaling Argument
The FRW metric may be expressed in isotropic coordinates by the form [4]
ds2 = −c2dt2 +
a(t)2dX2
(1 + 14kX
2)2
. (1)
We will consider this metric on the chart (t,X) ∈ R×R3. Note that for k 6= 0 the metric appropriately
defined on the one point compactification of the space possesses an isometry, which is inversion through
the sphere of radius |X| = 2|k|−
1
2 . For k < 0 the metric is singular on this sphere and ordinarily this
defines the natural boundary of the spacetime (the spatial metric is the hyperbolic metric on a ball).
In this paper it will be convenient to allow a singular metric to be defined on this chart.1
The FRW metric given by Eq. (1) can be embedded into a one-parameter family of metrics given by
ds2(λ) = −c
2λ2dt2 +
a(t)2dx2
(1 + 14kλ
−2x2)2
. (2)
The change of coordinates x = λX brings the metric into the form
ds2(λ) = λ
2
(
−c2dt2 +
a(t)2dX2
(1 + 14kX
2)2
)
(3)
and so our family is a collection of conformally rescaled metrics. The Ricci tensors2 of the conformal
metrics are related by R(λ)ab = λ
−2Rab. Now let us impose the Einstein equations which only need to
hold in a fixed neighbourhood of X = 0:
R(λ)ab = λ
−2Rab =
8πG
c4λ2
(
T ab −
1
2T
c
c δ
a
b
)
. (4)
1There is some merit in recasting the argument that follows in terms of the inverse metric gab which then has finite
components at all points. However doing so obscures some of the more physical aspects of the limiting process.
2The conventions for the Riemann and Ricci tensors used in this paper are: RabcdZ
b = (∇c∇d − ∇d∇c)Z
a and
Rab = R
c
acb.
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For a perfect isentropic fluid the energy-momentum tensor is given by3 (T ab) = diag(−ρc
2, p, p, p).
Since R
(λ)
ab = Rab, the Einstein equations determining a(t) are independent of λ, and accordingly a(t)
may be taken to be independent of λ. This is fortunate, since our conformal rescaling would have failed
if the imposition of the Einstein equations had required that a(t) depend on λ.
We will work now in the (t,x) coordinate system. Lowering the first index,4 of Eq. (4) gives
R
(λ)
tt = 4πG
(
ρ+
3p
c2
)
; R
(λ)
ti = 0 and R
(λ)
ij =
4πG(ρc2 − p)a2δij
c4λ2(1 + 14kλ
−2x2)2
. (5)
Next examine the properties of the metric given by Eq. (2). The spatial part of the metric,
dr2(λ) ≡
a(t)2dx2
(1 + 14kλ
−2x2)2
→ a(t)2dx2 as λ→∞, (6)
the limit being taken at constant x. This is a time-dependent flat space. Observe that the speed of
light measured with respect to the t-coordinate is
dr(λ)
dt
= cλ→∞ (7)
as λ→∞. This is our Newtonian limit.
Let V = ∂/∂t be the tangent vector of a congruence of timelike geodesics in the spacetime with
metric given by Eq. (2), the equation of geodesic deviation reads
d2Za
dt2
+ E(λ)abZ
b = 0, E(λ)ab = −R
(λ)a
cdbV
cV d, (8)
where E(λ)ab is the tidal tensor, with spatial components, E
(λ)i
j =
1
3Rttδ
i
j by isotropy. We will need
this observation later to restrict the possible Newtonian potentials arising in the Newton-Cartan theory.
It is relevant to point out that the tidal tensor has a well-defined analogue in the Newtonian theory.
Although the Einstein equations hold for all finite values of λ, and moreover are independent of λ,
not all of the equations can be recovered directly from the Newtonian limit. Only those for which there is
an analogous Newtonian counterpart are available to us. In particular the Einstein equations governing
R
(λ)
ij do not have a well-defined Newtonian analogue. This is to be expected since this equation depends
on the value of k, the scalar curvature parameter, and there is no counterpart in the Newtonian theory;
indeed, one finds the same Newtonian limit for all values of k. However note that the contracted Bianchi
identity implies that
−
1
a6c2
d
dt
(
a6R
(λ)
tt
)
=
λ2
a6
d
dt
(
a6R(λ)tt
)
=
λ2
a2
d
dt
(
a2R(λ)ii
)
, (9)
which is equivalent to the conservation of the energy-momentum tensor, i.e., ∇bT
ab = 0 and hence
much of the information about the spatial components of the Ricci tensor are encoded into the fluid
conservation equation and the tidal tensor both of which do have Newtonian counterparts.
It is worth elaborating how the conformal rescaling works. The underlying manifold has been given
a chart defining the (t,X) coordinates. On this chart there is a family of conformal metrics indexed by
the parameter λ. The Einstein equations are invariant under this conformal change and it is important
to point out that these equations are independent of position due to the spatial homogeneity of the
3We may represent the presence of a cosmological constant by using a contribution to the energy and pressure due to
dark energy.
4We use indices from the middle part of the alphabet to represent the spatial coordinates.
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FRW metric. When we change coordinates to (t,x) we make a λ-dependent change and the metrics
are no longer conformal (since we would be identifying different points in the original (t,X) coordinate
system). However, since the FRW metric is spatially homogeneous the change of coordinates does not
change the Einstein equations and it is the interplay of the two coordinate systems that allows us to
deduce the final result
3 The Conventional Newtonian Argument
In this section we reproduce a simple argument, originally due to Milne [1], presented in many standard
cosmology textbooks; we will consider a more sophisticated approach in section 5. The proof below
makes use of the Newtonian result applicable for spherically symmetric finite mass distributions that the
gravitational attraction experienced by a particle is determined entirely by the mass within a spherically
symmetric ball on which the test particle resides. A better approach, as expounded by McCrea [5],
is to construct a Newtonian potential solving the Poisson equation. However the boundary conditions
appropriate for an infinite mass distribution are not altogether clear, see Layzer [6] and the response
due to Heckmann & Schu¨cking [7].5
Consider a comoving test particle of mass m located at a position r = a(t)x relative to a comoving
observer defining the origin. Next we examine the gravitational attraction experienced by the test
particle due to the ball of fluid of radius |r| centred at the observer. Conservation of energy6 requires
that
1
2
mr˙2 −
GMm
|r|
=
1
2
m
(
a˙2 −
8
3
πGρa2
)
x2 = −
1
2
mk˜c2x2 (10)
sinceM = 43πρ|r|
3, the gravitational attraction being determined only by the mass within the ball, here
k˜ is a constant proportional to the conserved energy, for consistency it is independent of x. Rearranging
this equation leads to the Friedmann equation:
a˙2 + k˜c2 =
8πGρa2
3
. (11)
To proceed further we use the First Law of Thermodynamics. Let us point out that the first law is
implicit in the construction of the energy-momentum tensor for a perfect isentropic fluid, see Hawking
& Ellis [9], pp. 69-70 for the construction. We have, from special relativity7 and the first law that,
dE = d(ρc2V ) = −p dV and thus
ρ˙ = −
V˙
V
(
ρ+
p
c2
)
= −
3a˙
a
(
ρ+
p
c2
)
, (12)
since comoving volumes are proportional to a3. Differentiating Eq. (11) yields the Raychaudhuri equa-
tion:
a¨ = −
4πG
3
(
ρ+
3p
c2
)
a. (13)
Our conformal rescaling argument shows these equations are identical with the Einstein equations
applied to the FRW metric, Eq. (1), provided one can determine the value of k˜.
5Heckmann & Schu¨cking postulate boundary conditions on the Newtonian tidal tensor, Eij = ∇i∇jφ given by
Eij −
1
3
δijEkk = A
i
j(t) as |r| → ∞. where Akk(t) = 0. These boundary conditions allow for anisotropic Newto-
nian solutions (e.g., Newtonian analogues of the Kantowski-Sachs solution [8]). Although interesting, we remark that
these boundary conditions are consistent with our assumptions of homogeneity and isotropy of the cosmological solution
only if Aij(t) = 0.
6Conservation of energy is seen to hold since we can construct a time-independent Lagrangian given by
L = 1
2
m
(
a˙2 + 8
3
piGρa2
)
x
2, where ρ should be regarded as a function of a obeying dρ/da = −3(ρ+p/c2)/a, i.e., Eq. (12).
7Here c should be regarded as just a constant, since in the Newtonian treatment the speed of light is infinite.
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4 Determination of k˜
In the Newtonian treatment the constant of integration k˜ appears. Clearly this constant is determined
by the metric, Eq. (1) in some way. We will find that k˜ = k, the spatial curvature parameter, it is
hopeless to try to find this from the Newtonian theory since the limit of all FRW families is independent
of k. We need to work with the FRW metric itself. To this end consider the problem of solving the
conformally invariant scalar field equation, φ − 16Rφ = 0 on the FRW spacetime. Since the Weyl
tensor vanishes (see the appendix), the spacetime is locally conformally flat (pp. 137-139 of Penrose &
Rindler [10]), i.e., there exists Ω(x, τ) defined in a neighbourhood of the origin such that
ds2 = −c2dt2 + a(t)2
[
dr2
1− kr2
+ r2(dθ2 + sin2 θ dϕ2)
]
= Ω2
[
−c2dτ2 + dx2
]
. (14)
The conformally invariant scalar field equation has solution φ = φ˜/Ω where φ˜ obeys the wave equation
˜ φ˜ = 0 with respect to the metric ds˜2 = −c2dτ2 + dx2. We take φ˜ = 1/|x| as a solution for x 6= 0
and hence φ = 1/Ω|x| = 1/ar, i.e., the Newtonian potential of a point mass, solves the conformally
invariant scalar field equation away from the origin. Accordingly the Ricci scalar for the FRW metric
is given by
R = 6φ−1φ = −
6
a2c2
d
dt
(
a3
d
dt
(
1
a
))
+
6(1− kr2)
1
2
a2r
d
dr
(
r2(1− kr2)
1
2
d
dr
(
1
r
))
(15)
=
6
c2
(
a¨
a
+
a˙2
a2
+
kc2
a2
)
. (16)
Substitution from the Friedmann and Raychaudhuri equations, Eqs. (11) & (13) on the one hand and
from the trace of the Einstein equation, R = 8πG(ρc2 − 3p)/c4 on the other, implies that k˜ = k.
5 Newton-Cartan Theory
Cartan’s formulation of Newtonian gravity has been advocated [11, 12, 13, 14, 15] as a way to resolve
the ambiguities of the more elementary treatments of the cosmological aspects of Newton’s theory
of gravity. In this section we identify the Newton-Cartan structure that arises naturally from the
conformal limit we have been examining. Our notation follows that of [11]. Cartan’s Newtonian
structure is (tab, h
ab,∇,
φ
∇,M), whereM is a four-dimensional manifold, tab is a temporal metric, h
ab
is an inverse spatial metric, ∇ is a flat connection on M and
φ
∇ is a connection on M such that the
geodesics with respect to this connection determine the Newtonian acceleration. We will takeM≃ E4,
the four-dimensional affine space.
From the metric given by Eq. (2), we construct tab = tatb with ta = ∂at using the coordinates
(t,x), and define the spatial metric (hab) = lim
λ→∞
(g(λ)ab) = diag(0, a−2, a−2, a−2). Proceed by defining
φ
R ab = lim
λ→∞
R
(λ)
ab and see that it obeys the tensorial relationship
φ
R ab = 4πG
(
ρ+
3p
c2
)
tab (17)
by virtue of Eq. (5). At this point it is useful to define r = a(t)x so that with respect to the (t, r)
coordinates, (hab) = diag(0, 1, 1, 1) and (tab) = diag(1, 0, 0, 0).
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Let the Newtonian potential be
φ(r, t) =
2πG
3
(
ρ+
3p
c2
)
(r− r0(t))
2 + f(t). (18)
This is the general solution of
hab∇a∇bφ = 4πG
(
ρ+
3p
c2
)
(19)
subject to the same isotropy condition on the Newtonian tidal tensor,
φ
E ab = hachbd∇c∇dφ ∝ h
ab as
its relativistic counterpart obeys.
We are now in a position to define the new affine connection
φ
∇ by
φ
∇ aA
b = ∇aA
b + tach
bd∇dφA
c (20)
where with our choice of coordinates, ∇0 = ∂/∂t and ∇i = ∂/∂r
i (observe that the compatibility and
orthogonality conditions: ∇ah
bc =
φ
∇ ah
bc = ∇atb =
φ
∇ atb = 0 and h
abtb = 0 are all satisfied). It is
an elementary computation to show that the Ricci tensor derived from
φ
∇ is then
φ
R ab = h
cd∇c∇dφ tab
consistent with Eqs. (17) & (19) and the tidal tensor is
φ
E ab =
φ
R acdeh
bdV cV e = lim
λ→∞
E(λ)ab with
V = ∂/∂t.
In Newton-Cartan theory the acceleration of test particles under the influence of gravity is deter-
mined by the geodesic equation V b
φ
∇ bV
a = 0 using the new affine connection, where (V a) = (1, r˙(t)) is
the 4-velocity of a particle moving along the geodesic. In particular, for the comoving fluid the geodesic
equation leads to
r¨(t) = −∇φ = −
4πG
3
(
ρ+
3p
c2
)
(r(t)− r0(t)). (21)
If we take r0(t) to be convected with the cosmological fluid then r¨0(t) = 0 and we write r(t) − r0(t) =
a(t)x¯, i.e., we consider the expansion to be centred at r0(t) and hence
a¨x¯ = −
4πG
3
(
ρ+
3p
c2
)
ax¯. (22)
The LHS represents the acceleration relative to an observer at r0(t) (see Norton [16]), We observe
that Eq. (22) is the Raychaudhuri equation, i.e., Eq. (13) once again. By using the fluid conservation
equation, Eq. (12), we can integrate Eq. (22) to derive the Friedmann equation with k˜c2 being a first
integral of the system.
6 Concluding Remarks
In this paper we have shown how the equations governing the evolution of the scale factor of Newtonian
cosmology arise as the limit of a conformally related family of FRW spacetimes. The Einstein equations
for each member of this family are identical and are preserved in the limit with precisely one exception.
One piece of information, the scalar curvature parameter of the FRW metric is lost. In this way the
FRW field equations may be extracted from the Newtonian theory up to the identification of the scalar
curvature parameter k. It is important to emphasize that in contrast to just taking c→∞ the Einstein
equations are preserved and hence the scale factor is unchanged as the limit is taken. Furthermore
the limit is Newtonian space and time (as opposed to a curved space). In this way our conformal
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rescaling argument explains why the equations of Newtonian cosmology and the FRW field equations
are equivalent, i.e., the scale factor of the relativistic theory is identical to the scale factor of the
Newtonian theory. This conclusion does not follow from taking the limit c → ∞ on its own (unless
k = 0).
We have shown that by considering a solution of the conformally invariant scalar field equation on
the FRW spacetime that the constant of integration found in the Newtonian treatment may be related
to the quantity k and hence the complete set of Einstein equations for the FRW spacetime may be
written down. Furthermore using this additional piece of knowledge the entire Riemann tensor may be
found from the Newtonian results (see the appendix).
We have seen that the gravitational theory of the limiting process we have taken is closely related
to Cartan’s description of Newtonian gravity. This seems to be the most effective way to resolve the
ambiguities present in the more elementary treatments of Newton’s theory.
Our method sheds some light on the reason why McCrea’s [5] response to Layzer [17] was correct, at
least in certain cases, with his suggestion that Newton’s theory for a uniform infinite mass distribution
should be interpreted as that due to the mass within a finite ball in the limit that its radius becomes
infinite. At least when the solution possesses a cosmological horizon, each of the family of FRW metrics
has a finite distance over which the mass distribution can influence the evolution of the system. This
distance becomes infinite as the Newtonian limit is reached. When there is no cosmological horizon
the argument is somewhat less clear-cut and one might prefer to understand Newtonian theory in
relation to the work originated by Cartan [18, 19] and Friedrichs [20], with important insights later by
Trautman [21] and Dixon [22].
Acknowledgement: I would like to thank Nick Manton for a useful discussion about reference [3] that
helped to raise and clarify some of the ambiguities surrounding Newtonian cosmology.
Appendix: Components of the Riemann Tensor
If one is prepared to accept the results of the Newtonian argument in section 3, or use the rigorous
exposition in section 5 and the determination of k˜ from section 4, then all the components of the
Riemann tensor for the FRW metric are readily computed. Firstly the Einstein equations give, with
respect to an orthonormal basis with the zeroth vector orthogonal to the hypersurfaces of constant t,
G0ˆ0ˆ =
8πG
c2
ρ and G
iˆjˆ
=
8πG
c4
p δ
iˆjˆ
. (23)
Homogeneity and isotropy imply that G0ˆiˆ = 0 and Giˆjˆ ∝ δiˆjˆ at all points without computation. It
follows from the Friedmann and Raychaudhuri equations, Eqs. (11) & (13) respectively, that
G0ˆ0ˆ =
3a˙2
a2c2
+
3k
a2
and G
iˆjˆ
= −
(
2a¨
ac2
+
a˙2
a2c2
+
k
a2
)
δ
iˆjˆ
, (24)
and thus
R0ˆ0ˆ = −
3a¨
ac2
and R
iˆjˆ
=
(
a¨
ac2
+
2a˙2
a2c2
+
2k
a2
)
δ
iˆjˆ
. (25)
Homogeneity and isotropy also allow us to write down the components of the Riemann tensor at any
point, the well-known isotropic forms for cartesian tensors in three dimensions lead to
R0ˆiˆ0ˆjˆ = Aδiˆjˆ ; R0ˆiˆjˆkˆ = Bǫiˆjˆkˆ and Riˆjˆkˆlˆ = C(δiˆkˆδjˆlˆ − δiˆlˆδjˆkˆ), (26)
for scalars A, B and C. We have used the symmetries of the Riemann tensor on the final expression to
replace the three undetermined scalar quantities by one.
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Now R0ˆiˆ0ˆiˆ = R0ˆ0ˆ implies that A =
1
3R0ˆ0ˆ, R0ˆ[iˆjˆkˆ] = 0 implies that B = 0 and Riˆjˆiˆjˆ = R + 2R0ˆ0ˆ
implies that C = 16 (R+ 2R0ˆ0ˆ), i.e.,
R0ˆiˆ0ˆjˆ = −
a¨
ac2
δ
iˆjˆ
; R0ˆiˆjˆkˆ = 0 and Riˆjˆkˆlˆ =
(
a˙2
a2c2
+
k
a2
)
(δ
iˆkˆ
δ
jˆlˆ
− δ
iˆlˆ
δ
jˆkˆ
). (27)
Observe that the same argument, with the Ricci tensor replaced by zero, allows us to see immediately
that the Weyl tensor, Cabcd = 0. The vanishing of the Weyl tensor may be understood as a direct
consequence of the fact the FRW metric is conformally flat [23, 24].
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